We consider the action of a non-abelian T-duality on backgrounds with an AdS 5 factor in type IIA supergravity, finding a new type IIB background, as well as the non-abelian T-dual of a domain wall solution which has as limits the non-abelian T-dual of AdS 5 × T 1,1 and the non-abelian T-dual of AdS 3 × R 2 × S 2 × S 3 . We explore some consequences of non-abelian T-duality for the dual conformal field theories.
Introduction
Since the begining of string theory, the notion of duality symmetries has played an important role. In the early days of string theory, when it was a model for strong interactions, the observation that the amplitude of a scattering process could be written equally well in terms of the s-or t-channel Mandelstam variables led to the name of "dual models" [1] .
Nowadays, many different dualities exist in string theory, for instance Gauge/Gravity duality [2, 3] , S-duality, T-duality [4] , Mirror Symmetry [5, 6] , Langlands duality [7, 8] . In this paper we are interested in the non-abelian generalization of T-duality (started by the paper [9] ), which is the case where the isometry group of the background is non-abelian. Differently than its abelian cousin, the non-abelian T-duality has been poorly understood, and just recently the action of the transformation on the RR fields was found [10, 11] .
The general procedure for T-duality follows the original idea of Buscher [12] , that is, we start with a σ-model which supports an isometry such as U (N ). Then we gauge the isometry, but we need to impose a constraint by means of Lagrange multipliers which guarantees that the connection field strength remains equal to zero. This constraint enforces the condition that after gauging the isometry, the initial degrees of freedom remain unchanged.
The duality works as follows. On one hand, by solving the equation of motion for the Lagrange multipliers and replacing the solution into the action, we recover the original model. If instead we solve the equation of motion for the connection and we gauge fix, we find the dual σ-model.
Non-abelian T-duality can be used as a solution generating technique, that is, starting from a solution of supergravity, we can find another solution by a simple set of transformations rules. These solutions can be understood better through another type of duality, the gauge/gravity correspondence.
Particularly interesting solutions in light of this fact are those with AdS 5 factors. In fact, one of the first examples of the application of a non-abelian T-duality transformation in a background supporting a non-trivial RR field was in the Klebanov-Witten solution which consists of a space of the form AdS 5 × T 1,1 , where T 1,1 is the homogenous space (SU (2) × SU (2))/U (1).
Recently, [13] reported a large class of new solutions with AdS 5 factors and made the analysis of the field theory 1 , following [17] , which performed a non-abelian T-duality in a type IIB solution of the type AdS 5 × X 5 , where this solution was obtained in [18] after a dimensional reduction of D = 11 supergravity, followed by an abelian T-duality. The study of non-abelian T-duality of AdS backgrounds was initiated in [11, 19] In this article we explore the non-abelian T-duality on the type IIA supergravity solution (that is, before the abelian T-duality which gives AdS 5 ×X 5 ) of the form AdS 5 × w M 5 , where the internal manifold is obtained after a dimensional reduction of a space that consists of a 2-sphere bundle over S 2 × T 2 [18] . Another application considered relates to the background found in [20] . It consists of a domain wall with non trivial fluxes in the NS-NS and RR sectors. This domain wall solution flows to the background AdS 3 × R 2 × S 2 × S 3 in the IR limit, and in the UV to AdS 5 × T 1,1 . We study the T-dual of this domain wall and see that it has as limits the T-dual of AdS 5 × T 1,1 and AdS 3 × R 2 × S 2 × S 3 . We then study the implication of non-abelian T-duality for the dual conformal field theories, through a calculation of central charges.
The paper is organized as follows. In section 2 we review non-abelian T-duality and in section 3 we apply it to the warped AdS 5 solution. In section 4 we consider the T-dual of the domain wall solution. In section 5 we consider dual conformal field theory aspects of the T-dual solution and calculate central charges, and in section 6 we conclude.
Non-Abelian T-Duality in a nutshell
Since the present work deals with the uses of the Non-Abelian T-duality as a solution generating technique, we start with a review of this procedure, following mostly [11] . Consider a background that supports an SU (2)-structure, so that we write the metric in the form
where µ, ν = 1, . . . , 7, and L i are the Maurer-Cartan forms for SU (2) . In general we also have non-trivial Kalb-Ramond two-forms
and a dilaton Φ = Φ(x). The important point here is that all dependence on the SU (2) Euler angles θ, ψ, φ is contained in the one-forms L i . Next, define the vielbeins
3)
with A = 1, . . . , 7 and a = 1, 2, 3. Imposing
by direct comparison with (2.1) we have
where we defined λ a µ λ a ν = K µν . If we combine the metric and B field into Q and E by 6) one can show that the non-abelian T-dual background is
where the matrix M is defined by
Here f k ij = √ 2ǫ ijk are the structure constants of the group SU (2) and v i are originally Lagrange multipliers, now dual coordinates. We can make the scaling v i → 1 √ 2 v i , so that the dual fields are written as
and dilaton (transformed at the quantum level as usual)
Besides the spectator fields x µ , the dual theory depends on θ, ψ, φ, v i , so we have too many degrees of freedom. We need to impose a gauge fixing in order to remove three of these variables, usually taken to be θ = ψ = φ = 0. Then one finds
where we have defined b ij = ǫ ijk b k and − . The action on the spinor representation of the Lorentz group is given by
Considering the RR sector in the democratic formalism (we consider the fluxes and their Hodges dual as well), we define the polyforms in type II supergravity
Then the non-abelian T-dual forms are obtained by the transformation (applied to the non-abelian case by [17] , following work in the abelian case by [21] )
Supersymmetric solutions of D = 11 supergravity of the form AdS 5 × w M 6 , with nontrivial four form flux living in the internal Riemann manifold were considered in [18] . The authors found that the six dimensional Riemannian manifold always admits a Killing vector, and that locally, the five-dimensional space orthogonal to the Killing vector is a warped product of a one dimensional space parametrized by the coordinate y and a fourdimensional complex space M 4 . Also, the authors found a large class of regular solutions. One of this solutions, namely M 4 = S 2 × T 2 is peculiar. Firstly we can reduce on an S 1 direction in the torus T 2 so that we can obtain a regular solution of type IIA solution of the form, AdS 5 × X ′ 5 . Moreover, after a T-duality on the other S 1 we get a type IIB solution of the form AdS 5 × X 5 , where X 5 is a family of Sasaki-Einstein manifolds, and the global aspects of these spaces was studied in [22, 23] .
The type IIA solution of [18] is of the form
where L i = σ i / √ 2, with i = 1, 2, 3 are the Maurer-Cartan forms of the group SU (2), satisfying
with the left invariant forms σ 1 = cos ψdθ + sin ψ sin θdφ σ 2 = − sin ψdθ + cos ψ sin θdφ (3.3)
The coefficients of this solution are given by 4) so that the metric is
where x parametrizes the circle S 1 of length 2πα ′ /(lR 2 ), with 2 l = q
(θ, φ) are the polar and azimuthal angles in S 2 , y ∈ (y 1 , y 2 ) and 0 ≤ ψ ≤ 2π (note that in our conventions, x and y are dimensionless, i.e. are written in units of R). The angle ζ is defined by sin ζ = 2ye −3λ and e 6λ = 2(a − y 2 )/(1 − cy) and a, c are constants such that, if c = 0 then 0 < a < 1, and if c = 0 then a = 0, and if c = 0 one can set it to 1 and find
and the Kalb-Ramond field is
In the RR sector, we have only a nonzero four-form field
In what follows, it is convenient to use the frame fields 
so that we have the matrix κ a j given by
Nonabelian T-dual model
We want to T-dualize [11] (see also [26] for the complete list of dual transformations) with respect to the SU (2). As in section 2, we form the matrix M ij , given by
We pick a gauge where θ = φ = v 2 = 0, so thatv = (cos ψv 1 , sin ψv 1 , v 3 ). This gauge is useful when the vector ∂ ψ is a Killing vector as the present case (see [11] , for further possible choices). Therefore, the matrix M in this gauge is
The dilaton in the dual theory is given by
where
To simplify the notation, from now on we absorb
The inverse of the matrix M is then
(3.11) Finally, taking the symmetric and skew-symmetric part of (2.7), we get the following T-dual fields
For the solution (3.1a -3.1d), where x µ = {x, y, AdS 5 coordinates} and i = 1, 2, 3, we consider just the terms which will be affected by the non-abelian T-duality, namely, Q xx , Q xi and Q ij , giving
For the metric, we obtain
Moreover, we have the diagonal component
the crossed terms
and the g ij componentŝ
14)
All in all, we have the type IIB metric
Remembering thatv = (v 1 cos ψ, v 1 sin ψ, v 3 ), we rewrite it as
For later use, we calculate √ det g int for this metric, where g int refers to the internal, non-AdS, part of the metric. Writing explicitly the factors of R and α ′ , we obtain
whereM is the matrix
and we find
Finally, the T-dual Kalb-Ramond field is given by
The T-dual vielbeins are 3
where we have defined the rotated vielbeins
In term of this basis we write the Kalb-Ramond field (3.20) as
Using these results,we are able to find the RR forms in this type IIB background. We write the four-form (3.1d) as (e 1 ∧ e 2 ∧ e 3 =
where G
. In this way we have written the RR 4-form in the way suited to apply the nonabelian T-duality as described in the Appendix.
Using these rules, we findF 4 =F 2 = 0 and (reintroducing all factors of R and α ′ ) 25) where the coefficients from the appendix are 26) and
. This background is supplemented by the forms F 9 = ⋆ F 1 and F 7 = − ⋆ F 3 . Using these expressions it is straightforward to verify that the Bianchi identities dF 1 = 0 and
For later use, we also compute the Page charges in this geometry. The quantized Page charges in this background are given by 4
where, since after an abelian T-duality along the x-direction on the solution (3.1a-3.1d) we get a the Sasaki-Einstein manifold, we have [22, 25] 
the solutions to cos 2 ζ = 0, and p, q ∈ N with (p, q) = 1 for p > q. One may verify that this new background has N = 1 supersymmetry, under the criteria of [11] . In fact, in [27] the authors have proved that the vanishing of the Kosmann derivative in the dualized directions of the Killing spinors means supersymmetry is preserved. 5 In the present case, the derivative trivially vanishes, because the Killing spinors are independent of the dualized directions. Moreover, in [27] a proof was given for the formula (2.16), with closed expressions for the dual p-form potentials, that can be applied more easily to specific cases.
Note that we could have considered the same calculation with a different gauge fixing for the Lagrange multipliers. Consider that the matrix M is instead
with v = (ρ cos ζ sin χ, ρ cos ζ sin χ, ρ cos χ). In this coordinate system, we have that ∆ = In a recent paper [20] , the authors considered the construction of a supersymmetric domain wall that approaches AdS 5 × T 1,1 in the UV limit, and AdS 3 × R 2 × S 2 × S 3 in the IR limit. In this section we consider the non-abelian T-dual solution of the domain wall ansatz and see that it has as its limit the non-abelian T-dual of the AdS 5 ×T 1,1 and AdS 3 ×R 2 ×S 2 ×S 3 in the UV and IR respectively. In fact, the non-abelian T-dual solution of AdS 5 × T 1,1 is already known from [11] . We therefore start with a short review of this solution. We consider the conventions of [20] . ) and
where λ 2 0 = 1/6, λ 2 = 1/9, σ3 = dψ + cos θ 1 dφ 1 , and
Here β 1 = 2λ 2 0 , β 2 = 2λ 2 , v 1 = 2y 1 and v 3 = 2y 2 , and as in section 2, we have absorbed a factor of R 2 in β 1 , β 2 , and a factor of α ′ in v 1 , v 3 . The RR-sector is given by
For completeness, the T-dual vielbeins are given bŷ
and as before, we defined the rotated vielbeins
This completes the type IIA background T-dual to AdS 5 × T (1,1) in type IIB supergravity.
AdS 3 solution and its non-abelian T-dual
The solution with metric AdS 3 × R 2 × S 2 × S 3 is given by
where τ is a constant. In order to find its T-dual, we consider the Maurer-Cartan forms
Using the set-up of section 2, the vielbeins related to the directions to be T-dualized are
where we have definedβ 1 = 2 3 √ 3
, absorbing the factors of R 2 in them for simplicity.
With these definitions, we may write the metric as 
The matrix M is given by
As before, we consider the gauge fixing θ = φ = v 2 = 0, so thatv = (cos ψv 1 , sin ψv 1 , v 3 ), and for simplicity we defineṽ 3 = τ z 1 √ 2β 2 +v 3 , in such a way that the inverse of M is (3.11), with the replacement v 3 ṽ 3 , that is,
14) where the determinant det M is ∆ ≡ det M = (β 2 1 +ṽ 2 3 )β 2 + v 2 1β 1 . Under these definitions, we must apply the duality on the following fields 6
Using these results and the same procedure as in section 3, we find that the dual metric, dilaton and B field are dŝ 
For later use, the √ det g int for this metric (g int is as before the internal, i.e. non-AdS, part of the metric) is
With F 3 and F 5 written as in (4.11c) and (4.11d), we can apply the formulas in the appendix, reintroduce the factors of α ′ in (4.12), (4.15) and (4.16) and obtain the RR-sector T-dual forms F 1 = F 3 = F 5 = 0 and (F 6 andF 8 would be redundant, as we consider their Poincaré dualsF 4 andF 2 )
where as before, e φ−φ = ∆ α ′−3/2 , α ′3/2 e φ−φ A 0 =β 1 β 2 and α ′3/2 e φ−φ A a = A a , and the dual vielbeins arê
Domain Wall and its non-abelian T-dual
The Domain Wall solution which has as limits the above AdS 3 and AdS 5 solution is given by
Here τ is a constant and A, B, U, V are functions of the radial coordinate ρ. From this solution, we see that we can recover AdS 5 × T (1, 1) by setting the constant τ = 0 and A = B = ρ and U = V = 0. On the other hand, to recover the AdS 3 × R 2 × S 2 × S 3 solution, we set 21) and change variables by x i z i / √ 6 . As before, the T-dual model is given by
where we have defined 23) and as before we absorbed R 2 factors inβ i and α ′ in v i . We can easily see that we can obtain the correct limits in the NS-NS sector. The UV and IR limits of the T-dual solution to the domain wall are the non-abelian T-duals of the AdS 5 × T (1, 1) and the AdS 3 × R 2 × S 2 × S 3 solutions, respectively.
In the RR sector, we could verify term by term that the equality holds, but alternatively, one can find the RR-forms components in the same way as in (4.12) . In the present case, we obtain
Then the T-dual RR-forms are as in (4.18), i.e.,
Finally, we can also compute the vielbeins and see that they have the correct limits, therefore the RR-sector also has the correct limits. For instance, the frame field e 3 of the Domain Wall is
and we can easily verify that the UV and IR limits are the frame field e 3 in the AdS 5 , AdS 3
respectively.
Dual conformal field theories, central charges and RG flow
An interesting question is, what happens to the conformal field theories dual to the gravity backgrounds with AdS factor under nonabelian T-duality on the extra dimensional space? The answer is not obvious. Abelian T-duality on a direction transverse to a Dp-brane turns it into a D(p + 1)-brane, but if the original direction is infinite in extent, the T-dual direction is infinitesimal in extent. However, this discussion makes sense only in the region far from the region where AdS/CFT is relevant, the core of the D-brane.
Naively, abelian T-duality on the transverse part of a gravity dual should increase the dimensionality of the brane, therefore of the field theory dual to the background. But if we perform a nonabelian T-duality on a space with an AdS factor, in such a way that the AdS factor is not affected, and moreover the T-duality does not introduce a new AdS direction, then it seems that the dimensionality of the dual conformal field theory is unaffected. And yet since the gravity dual is modified, it is logical to assume that the conformal field theory is modified as well.
To understand the effect of nonabelian T-duality on the conformal field theory, we need some probes of the transverse space in AdS/CFT. Such probes are for instance wrapped branes, dual to solitonic states in the field theory, like the example of the 5-brane wrapped on S 5 in AdS 5 × S 5 , giving the baryon vertex operator [24] . 7 But a more relevant probe was considered in [13] , namely the central charge of the dual field theory as a function of the number of branes.
One can calculate Page charges in a gravitational background, and identify those with the number of branes that generate the geometry. For the central charge of the dual conformal field theory, a slight generalization of the usual formula was provided in [13] . For a metric on M D = AdS d+2 × X n , of the type
with a dilaton φ, define the modified internal volume aŝ
and thenĤ =V 2 int . Then the central charge is given by
−1 is the Newton constant in D dimensions and prime denotes the derivative with respect to r.
The expectation of increase in dimensionality through T-duality affects the D-brane charges of the gravity background. For a geometry with an AdS 5 factor in type IIB, generated only by D3-branes (with only D3-brane Page charges), after T-duality we expect the geometry to be generated by D4-and D6-branes only, i.e. to have only D4-and D6-brane Page charges
For an abelian T-duality, we would expect only D4-brane charge, but for nonabelian Tduality (in some sense a T-duality on 3 coordinates), the expectation, confirmed by a calculation, is that only D6-brane charges appear. One can calculate the central charges and express them as a function of the Page charges. In the AdS 5 × S 5 case, we find that C = 32π 3 R 8 α ′−4 = 2π 5 N 2 D3 before, and C = (8π 5 /3)R 8 α ′−4 = (2π 5 /24)N 2 D6 after the nonabelian T-duality, leading to the relation 8 5) which is found to be satisfied also in other cases of non-abelian T-duality on type IIB geometries generated by D3-branes.
An interesting question which we will try to answer in this section is whether a similar formula is valid in more general contexts in the case of geometries with an AdS factor.
Page charges
• In the case of section 3, the starting geometry is in type IIA, the reverse of the situation considered in [13] . Since F 2 = 0 in the background before T-duality, Q P age D6 = 0, and we only have a nonzero result for
After the nonabelian T-duality, we have calculated in section 3 that Q P age D3 = Q P age D5 = 0 and
• In the case of section 4, the we have a Domain Wall solution that interpolates between an AdS 5 × T 1,1 and an AdS 3 × R 2 × S 2 × S 3 . This can be also found in the N = 4 D=5 gauged supergravity arising as a consistent KK truncation of type IIB on T 1,1 [20] , and as such it can be interpreted as an RG flow between two fixed points in the dual field theory. A relevant question is then, is the ratio of the central charges before and after the nonabelian T-duality modified by the RG flow?
For AdS 5 × T 1,1 , the Page charges before and after the nonabelian T-duality were found in [13] , Q P age D5
= Q P age D7 = 0 and |Q P age D3 | = N D3 before, and |Q P age D6 | = N D6 , Q P age D4 = 0 after the T-duality, with (in our conventions)
The formula in [13] is actually with a factor of 3 instead of 24, since different conventions for T-duality were considered, with Li = σi instead of Li = σi/ √ 2, giving an extra 2 √ 2 in the quantization of the Page charges after T-duality.
For AdS 3 × R 2 × S 2 × S 3 , the Page charges before the T-duality were found in [20] . Assuming that R 2 is compactified to a T 2 = S 1 (1) × S 1 (2) with period 2πRd i √ 6, and defining s(S) as a homology 2-cycle generator in S 2 × S 3 , one has the integers
and the (D3-brane) Page charge quantization condition is 11) and for Σ 5 = T 2 × M 3 , where M 3 is a homology 3-cycle generator in S 2 × S 3 , one obtains an integerN
Moreover, the above flux quantization is actually valid over the whole domain wall solution.
After the T-duality, we have F 2 and F 4 , so we need to consider the quantization of D4-brane Page charges
(5.14)
For Σ 2 = T 2 , we obtain 15) and for Σ 2 = S 2 , we obtainN
(5.16)
Central charges
• For the case in section 3, the central charge before the T-duality is obtained using 17) and therefore 18) where the Page charge quantization condition (5.6) means that we can write R 3 /α ′3/2 as a function of N D4 , giving
After the T-duality, the central charge is found using the same A = R 2 r 2 , B = r −4 and d = 3, leading to (also using the √ det g int calculated in (3.19))
To calculate the integral over the v i , we can use as another gauge fixing, related to the previous coordinates by v 1 /α ′ ρ cos χ and v 3 /α ′ ρ sin χ with ρ, χ ∈ [0, π], leading to a value of 2π 3 /3 for the integral. 9 We then obtain 21) and from the Page charge quantization condition (5.7) we can write R 3 /α ′3/2 as a function of N D7 , giving
We see that the ratio is C bef ore 23) which is basically the same as in (5.5), with the obvious generalization to N 2 Dp /N 2 Dp+3 , and an extra factor of 2 which is probably the effect of a different normalization.
• For the case in section 4, on the AdS 5 × T 1,1 side, the central charge before the T-duality was found to be [13] C (1)
The rangle of ρ was defined in [15] , and was then used for the calculation of central charges in [13] .
and after the T-duality 25) leading to the ratio in (5.5). On the AdS 3 × T 2 × S 2 × S 3 side, the central charge before the T-duality is [20] C (2)
Here G 3 is the effective Newton's constant, obtained from the dimensional reduction of the action in string frame, thus proportional to (R/l s ) 7 vol(T 1,1 )(2πd 1 )(2πd 2 ). After the T-duality, using the √ det g int calculated in (4.17), and doing the integration over v i in the same way as in the case in section 3, with result 2π 3 /3, we obtain 27) leading to
The ratio of central charges before and after the T-duality can therefore be expressed as C
Note that now we can fix τ such that the prefactor equals 24, obtaining 30) which is essentially the same formula (5.5) that was valid on the AdS 5 side of the domain wall. The factor τ is related to a redefinition of the fields, coupled to a rescaling of the x i (or z i ) coordinates [20] , which are the two coordinates that change from the AdS 5 on one side of the domain wall to a AdS 3 × T 2 on the other. It is therefore not surprising that changing τ allows us to change the normalization of the central charge dual to AdS 3 , with respect to the one dual to AdS 5 .
Conclusions
In this paper we have studied the nonabelian T-duals of some backgrounds with N = 1 supersymmetry and an AdS factor, that can have an AdS/CFT interpretation. We have considered the nonabelian T-dual of a type IIA solution with an AdS 5 factor, giving a type IIB solution with an AdS 5 factor, and the nonabelian T-dual of a type IIB domain wall solution that interpolates between AdS 5 × T 1,1 and AdS 3 × R 2 × S 2 × S 3 .
We have probed the interpretation of nonabelian T-duality of these solutions from the point of view of the dual conformal field theory through a calculation of the central charges. We have found that the simple law (5.5) found in [13] for the ratio of central charges before and after the T-duality holds in all cases, with the obvious generalization of N 2 D3 /N 2 D6 to N 2 Dp /N 2 Dp+3 or to N D3ND3 /N D6ND6 . In the case of the type IIB dowain wall solution, we obtained the usual ∝ N 2 behaviour, and on the AdS 3 side we could fix the normalization of the central charge by using a rescaling parameter τ , in order to obtain the same law (5.5) valid on the AdS 5 side of the domain wall. In order to understand better the effect of nonabelian T-duality on gravity duals with AdS factors, one needs to study also other probes of the geometry, but we leave this for future work.
A Nonabelian T-duality action on RR fields
To act with nonabelian T-duality on the RR fields, one first writes the p-form field strengths in the form In the case of section 4, the same formulas apply, with the replacement of v 3 withṽ 3 .
